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Outline of SLP Chapter 3

We solve a dynamic programming problem as (1) by updating the function v iteratively. We
construct a sequence of functions {v,, }. We want to show that v,, — v for any choice of vy.

v(k) = o nx U(f(k) —y) + Bo(y) 1)
= vny1(k) = o0 U(f(k) —y) + Bon(y)

That is technically showing the existence and uniqueness of v. In the process, we construct
an operator T' : C' — C defined as below. Finding solution v for (1)) is equivalent to finding a
fixed point of the mapping 7.

Tv(k) = o X U(f(k) —y) + Bo(y)

SLP Chapter is organized as follows: Section 3.1 tells us the properties of the space C' of
interest and Section 3.2 introduces the Contraction Mapping Theorem, which is the fixed
point theorem in this setting. Section 3.3 tells us more about the properties of T" in relation to

maximization.



SLP 3.1. Metric Spaces and Normed Vector Spaces

Definition. A vector space X is a set of vectors with two operations, addition and scalar multipli-
cation. For any two vectors z,y € X and « € R, we have z + y € X and ax € X. The operations
also follow the algebraic rules. For all z,y,z € X and o, 5 € R:

(@ z+y=y+=

b) (z+y) +z=z+(y+2)

(@ alz+y)=ar+ay

d) (a+ )z =ax+ pz

(e) (af)z = apx)

(f) 36 € X s.t. 2+ 0 = x; 0z = 0; We call § zero vector.
(8) lz =z

Exercise 3.2.d. Show that the set of all continuous functions on the interval [a, b] is a vector space.
Solution: For any two real-valued continuous functions on [a,b], f and g, we define (f + ¢)(z) =
f(z)+g(z) forx € [a,b] and cf(z) = c- f(x) for z € [a, b] for a constant ¢ € R. Then for any z € [a, ],
any «, 8 € R, and for any continuous functions f, g, h defined on [a, b], we have the following.

@ f(z)+g(x) = g(x) + f(z)

(®) (f(x) +9(z)) + h(z) = f(z) + (9(2) + h(z))

(© a(f(z) +9(x)) = af(x) + ag(z)

(d) (a+B)f(x) = af(z)+Bf(x)

(@ (af)f(z) = a(Bf(z))

(f) Let0(x) = 0,Vx € [a,b]. Then f(z)+ 0(x) = f(x); 0f(z) = 0(x);
®) 1-f(z) = f(z)

Definition above means that a vector space is closed under addition and scalar multiplication.
We also call it linear space because it is closed under linear operations. To construct the notion of

distance and convergence, we also define metric.

Definition. A metric space is a set S with a metric p : S x § — R, such that for all z,y,z € S:
(@) p(z,y) > 0with equality iff z =y
(b) p(z,y) = p(y, )

() p(x,2) < p(z,y) + p(y, 2)

Exercise 3.3.a. Show that (.5, p) is a metric space for S being the set of integers with p(z, y) = [z —y]|.
Solution: For any z,y,z € 5,

1. By definition of absolute value, p(z,y) = |x — y| > 0.

Equality holds when p(z,z) = |zt —z| =0and p(z,y) =0= |z —y|=0=>2z =y.

2. p(z,y) =z —yl =y — 2| = ply, 2).



3. By the triangle inequality, p(z,2z) = |z — z| < |z — y| + |y — 2| = p(z,y) + p(y, 2).

We now focus on a specific form of metric that satisfies p(z,y) = p(z — y,6). To do that, we

define norm.

Definition. A normed vector space is a vector space S with anorm || - || : S — R such that for all
z,y € Sand o € R:

(@) ||z|] > 0 with equality iff x = 6
(b) [laz]| = |alf|z]]
© |z +yll <||z|| + |ly|| (also known as the triangular inequality)

Exercise 3.4. Show that the following are normed vector spaces.

1/2
(a) Let S = R, with [|z]| = [zl x2] .

i=1Ti
(b) Let S = R!, with ||z|| = max; |z;|.

Solution: R' is a vector space. The space of real numbers is closed under addition and scalar
multiplication, and this holds for real vectors. We can designate (0, - - ,0), a vector of [ repeated
zeros as the zero vector here. We focus on showing that the two norms in questions (a) and (b)
satisfy the three conditions for norms. For all z,y € R! and « € R, the following holds.

(@) 1. The sum of the squares of real numbers is nonnegative, so the square roots are nonnegative.
1/2
Also, we have that ||z =0 < {Zi’:l azf] =0 = Y 22=0 <= 22=0, Vi.
, 1/2 ; 1/2 . 1/2
2 oz =[S0 (ax)’] =[Sy 2?] =l [Tia?] = al-fal]
2
3. We use Cauchy-Schwarz inequality: (Zi‘:l xlyl) <3 223 y? to show.

l

2
=+ yl|> = Z (zi + i)
1=1
!

= Z (xf + 2z;y; + yf)

=1

1 ! 1

= Zx? +2Z$1¢yi +Zy12
=1 =1 =1

1 [/ 1 22

=) ai+2 (Z%yz) +> v
i=1 i—1 i=1

~1/2

1 l
<Y ai+2 +Y v
1=1 =1

= ll=[I* + 2ll=[lllyll + lly]*
= (Il + lyl)?

(b) 1. ||z|| > 0 because the maximum of nonnegative number (absolute values) is nonnegative.
|zl =0 <= max;|z;| =0 < |2;| <0,Vi < 2, =0,Vi.



2. ||az|| = max; |az;| = max; |a||z;| = |o|max;| z;| = |a | || z]|.
3. ||z + yll = max; [z; + y;| < max; (Jzi| + |yil) < max; |2;] + max; [y;| = ||z + [y

Any normed vector space (S, || - ||) is a metric space with p(z,y) = ||z — y||,Vz,y € S. Now we
define the notion of convergence in a metric space.

Definition. A sequence {z,}72, in S converges to « € S if for each ¢ > 0, there exists IV, such that
p(xn, ) <e,Vn > N..

We need a candidate limit point = to verify convergence of a sequence, but luckily, we can also

apply an alternative criterion if we don’t have one.

Definition. A sequence {z,}>2, in S is a Cauchy sequence if for each ¢ > 0, there exists N, such
that p(z,, zm) < e,Yn,m > N..

Exercise 3.5.b asks you to show that a converging sequence is a Cauchy sequence. It also holds,
however, that a Cauchy sequence always converges in R equivalently. However, this may not be
true depending on which metric space we are talking about. So we now discuss the space where a

limit point of sequence exists.

Definition. A metric space (.5, p) is complete if every Cauchy sequence in S converges to an ele-

mentin S.

It follows that in complete metric spaces, verifying that a sequence is a Cauchy sequence is
equivalent to verifying that a sequence converges to some point. For instance, (R", || ||) (Euclidean
norm) is a complete metric space. A complete normed vector space is called a Banach space.

Theorem 3.1. Let X C R! and let C'(X) be the set of bounded continuous functions f : X — R with
the sup norm, || f|| = supgzex|f(z)|. Then C(X) is a complete normed vector space.

Proof. C(X) is a normed vector space. We now show that any Cauchy sequence {f,} in C(X)
converges to f € C(X). We find f first, show that f,, = f, and then show f € C(X).
For a fixed = € X, following holds for the sequence { f,,(x)}:

|fr(z) = f (@) < sup [fu(y) — fi (@) = [|fn — full

yeX

Since { f,,} is a Cauchy sequence, the sequence of real numbers { f,,(x)} is also a Cauchy sequence.
By completeness of R, this sequence has a limit point f(x). For any value of x € X, we can define
a function f : X — R accordingly.

Now for a given € > 0, choose N, such that if n,m > N, ||fn — fm|| < /2. Then for any fixed
r € Xand Vm >n > Ng:

[fn(x) = ()] < [fn(2) = f (@) + [fm(2) — [ (2)]
<e/2+|fm(z) — f(2)]

<eg/2+4¢e/2=¢ for a large enough m because f,,(z) — f(x)



This holds for any =z € X, so || f, — f|| <e&,¥n > N.. Thatis, { f,,} uniformly converges to f.

f is a bounded function because { f,, } is bounded. Let f,,(z) < B,Vz € X, Vn. Then for a given
¢ > 0 and any z € X, there is some ng such that | f,,(z) — f(x)| < € for Yn > ng because of uniform
convergence. Then we have

[f@)] < [ful2) = f(@)[ + [fu(z)| <e+ B

To show f is continuous, for a given ¢ > 0 and a given = € X, choose k such that ||f — fz|| < &/3.
Then choose § such that ||z — y||g < § = |fx(z) — fr(y)| < £/3. Then we have

|f(@) = f)l < [f(x) — fu(@)| + | fe(z) = fe@)] + [ fr(y) — f(y)]
<2f = fill + 1 fr(z) — fi(v)]

<e

We have proved a set of bounded continuous functions with the sup norm to be a complete
normed vector space, and this is the space in which we look for the value function in our dynamic
programming. Section 3.2 proceeds to defining a contraction mapping 7" and shows that there is a
unique fixed point of T" in a complete metric space.



