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Outline of SLP Chapter 3.3 and SLP Chapter 4.1

• We want to ensure that the value function v and Tv defined below to be bounded and con-
tinuous on the set of state variables X . In Section 3.3, we characterize the restrictions on
the feasibility set Γ and return function F that ensures such property, and that is called the
Theorem of Maximum. To do that, we re-write the dynamic programming problem as below.

Tv(x) = max
y

F (x, y) + βv(y) s.t. y is feasible given x

⇒ h(x) = max
y∈Γ(x)

f(x, y) (1)

G(x) = {y ∈ Γ(x) : f(x, y) = h(x)} (2)

For each x ∈ X , if f(x, ·) is continuous in y and the set Γ(x) is nonempty and compact, there is
a maximum of f(x, ·) for each x. The Theorem of Maximum further proceeds to characterize
conditions under which h and G are continuous in x.

• SLP Chapter 4.1 goes on to provide some conditions under which the solution of sequential
maximization problem (SP) are equivalent to the solution of functional equation problem
(FE).

SP: max
{xt+1}

∞∑
t=0

βtF (xt, xt+1)

s.t. xt+1 ∈ Γ(xt),∀t ≥ 0, x0 given.

FE: v(x) = max
y∈Γ(x)

F (x, y) + βv(y), ∀x ∈ X

A general logic of proving the equivalence is showing that a sequence {xt+1} given x0 solves
the sequential problem if and only if it satisfies

v(xt) = F (xt, xt+1) + βv(xt+1)

This is shown in Theorems 4.2-5. Theorems 4.2 and 4.3 establish that the solution functions
of (SP) and (FE) are equivalent when v is bounded, and Theorems 4.4 and 4.5 show that the
policy functions are equivalent in the two problems, especially when they are bounded.
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SLP 3.3. The Theorem of the Maximum

The feasible set Γ now maps an element in the state space x to a set, so it is a correspondence. We
now define the notion of continuity for correspondences.

Definition. A correspondence Γ : X → Y is lower hemi-continuous (l.h.c.) at x if Γ(x) is nonempty
and if, for every y ∈ Γ(x) and every sequence xn → x, there exists N ≥ 1 and a sequence {yn}∞n=1

such that yn → y and yn ∈ Γ(xn) for ∀n ≥ N .

Definition. A compact-valued correspondence Γ : X → Y is upper hemi-continuous (u.h.c.) at x if
Γ(x) is nonempty and if for every sequence xn → x and every sequence {yn} such that yn ∈ Γ(xn),
all n, there exists a convergent subsequence of {yn} whose limit point y is in Γ(x).

Definition. A correspondence Γ : X → Y is continuous at x ∈ X if it is both u.h.c. and l.h.c. at x.

A correspondence Γ : X → Y is called l.h.c., u.h.c., or continuous if it satisfies the properties
above at all x ∈ X . We can also define graph of Γ as the set A = {(x, y) ∈ X×Y : y ∈ Γ(x)}. The fol-
lowing theorems provide sufficient conditions of A to ensure the upper and lower hemi-continuity
of Γ.

Theorem. Let Γ : X → Y be a nonempty-valued correspondence, and let A be the graph of Γ.
Suppose that A is closed, and that for any bounded set X̂ ⊆ X , the set Γ(X̂) is bounded. Then Γ is
compact-valued and upper hemi-continuous.

Theorem. Let Γ : X → Y be a nonempty-valued correspondence, and let A be the graph of Γ.
Suppose that A is convex, and that for any bounded set X̂ ⊆ X , there is a bounded set Ŷ ⊆ Y such
that Γ(x) ∩ Ŷ ̸= ∅, ∀x ∈ X̂ . Then Γ is lower hemi-continuous at every interior point of X .

Using these theorems, we can now characterize the conditions for the value function h in (1)
and the set of policy functions G in (2) to vary continuously on X .

Theorem. (Theorem of Maximum) Let X ⊆ Rl and Y ⊆ Rm, let f : X × Y → R be a continuous
function, and let Γ : X → Y be a compact-valued and continuous correspondence. Then the
function h : X → R defined in (1) and the correspondence G : X → Y defined in (2) is nonempty,
compact-valued, and upper hemi-continuous.

Proof. First, we show that G is nonempty and compact-valued for each x ∈ X . Fix x ∈ X . Since
the feasible set Γ(x) is nonempty and compact, and f(x, ·) is continuous, there is a maximum for
(1) and the set G(x) is nonempty. Since G(x) ⊆ Γ(x) and Γ(x) is compact, G(x) is a bounded set.
Now suppose {yn} → y,∀yn ∈ G(x). Since Γ(x) is closed, y ∈ Γ(x). Since h(x) = f(x, yn),∀n is a
continuous function, h(x) = f(x, y) and y ∈ G(x). Hence, G(x) is closed, so G(x) is compact and
nonempty for each x.

Now we show that G(x) is upper hemi-continuous. Fix x and let {xn} → x. Choose yn ∈
G(xn),∀n. Since Γ is upper hemi-continuous, ∃{ynk

} → y ∈ Γ(x). Now let z ∈ Γ(x). Then
since Γ is lower hemi-continuous, ∃{znk

} → z with znk
∈ Γ(xnk

). We picked ynk
from G(xnk

),
so f(xnk

, ynk
) ≥ f(xnk

, znk
) and f(x, y) ≥ f(x, z) by continuity of f . This holds for ∀z ∈ Γ(x), it
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follows that y ∈ G(x), so G(x) is upper hemi-continuous.
Lastly, we show that h is continuous. Fix x and choose {xn} → x. Choose yn ∈ G(xn) and

let h̄ = lim suph(xn) and
¯
h = lim inf h(xn). Then there exists a subsequence {xnk

} such that h̄ =

lim f(xnk
, ynk

). Now, because G is upper hemi-continuous, we can pick a subsequence {y′

j} of
{ynk

} that converges to y ∈ G(x). Hence, h̄ = lim f(xj , y
′

j) = f(x, y) = h(x). Analogously, we can
show that

¯
h = h(x). Hence, {h(xn)} → h(x). ■

From the Theorem of Maximum, we attain that the value function and the set of maximizing
arguments of the dynamic programming problem vary continuously on the feasible set. Now as-
sume that the feasible set Γ is convex and f is strictly concave in y. Then G is single-vlaued and is
a continuous function, and we call this policy function. Lemma 3.7 of textbook establishes that if
f(x, y), y ∈ Γ(x) is close enough to f(x,G(x)), then this y is close to G(x).

Lemma. Let X ⊆ Rl and Y ⊆ Rm. Assume that the correspondence Γ : X → Y is nonempty,
compact and convex-valued, and continuous, and let A be the graph of Γ. Assume that the function
f : A → R is continuous and that f(x, ·) is strictly concave for each x ∈ X . Define the function
g : X → Y by g(x) = argmaxy∈Γ(x) f(x, y). Then for each ε > 0 and x ∈ X , there exists δx > 0 such
that

y ∈ Γ(x), |f(x, g(x))− f(x, y)| < δx ⇒ ||g(x)− y|| < ε

Theorem 3.8 of textbook proceeds that if {fn} is a sequence of continuous functions, each strictly
concave in y, converging uniformly to f , then the policy functions {gn} converges pointwise to g.
This means that once we have a set of guesses of value functions that (uniformly) converges to f ,
the associated set of policy functions {gn} will converge to g.

Theorem. Let X , Y , Γ, and A be as defined in Lemma 3.7. Let {fn} be a sequence of continuous
real functions on A and assume that for each n and each x ∈ X , fn(x, ·) is strictly concave in its
second argument. Assume that f has the same properties and that fn → f uniformly. Define the
functions gn and g by

gn(x) = arg max
y∈Γ(x)

fn(x, y)

g(x) = arg max
y∈Γ(x)

f(x, y)

then gn → g pointwise. If X is compact, gn → g uniformly.

SLP 4.1. Principle of Optimality

We begin with two assumptions for the feasible set Γ and the set of plans Π(x0) given an initial
state x0. A plan x̃ = (x0, x1, · · · ) denotes a whole sequence satisfying the feasibility constraint in
(SP).

Assumption 1. Γ(x) is nonempty for all x ∈ X .

Assumption 2. For all x0 ∈ X and x̃ ∈ Π(x0), limn→∞
∑n

t=0 β
tF (xt, xt+1) exists.
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One preliminary result is that if X , Γ, F , and β satisfy Assumption 2, then we can decompose
the infinite sum u(x̃) = limn→∞

∑n
t=0 β

tF (xt, xt+1) = F (x0, x1) + βu(x′) where x′ = (x1, x2, · · · ).
Starting from the Theorem 4.2 below, we will define v∗ as the supremum of u(x̃) that solves the
sequential problem (SP). Theorem 4.2 yields that v∗ that solves (SP) also solves (FE).

Theorem 4.2. Let X , Γ, F , and β satisfy Assumptions 1 and 2. Then the function v∗(x0) =

supx̃∈Π(x0) u(x̃) satisfies (FE).

Proof. If β = 0, it is trivial. Suppose β > 0 and pick x0 ∈ X . First, suppose v∗(x0) is finite. Then we
have

v∗(x0) ≥ u(x̃),∀x̃ ∈ Π(x0)

v∗(x0) ≤ u(x̃) + ϵ,∀ϵ > 0 and for some x̃ ∈ Π(x0)

∃ x′ = (x1, x2, · · · ) s.t. u(x′) ≥ v∗(x1)− ϵ

⇒ v∗(x0) ≥ F (x0, x1) + βu(x′) ≥ F (x0, x1) + βv∗(x1)− βϵ

⇒ v∗(x0) ≥ F (x0, y) + βv∗(y),∀y ∈ Γ(x0)

Now to show that v∗ is the least upper bound defined as supy∈Γ(x) F (x, y) + βv(y), we can choose
a plan x̃ ∈ Π(x0) and show the following:

v∗(x0) ≤ u(x̃) + ϵ = F (x0, x1) + βu(x′) + ϵ

≤ F (x0, x1) + βv∗(x1) + ϵ, x1 ∈ Γ(x0)

Second, consider the case of v∗(x) = ∞. Then there exists a sequence {x̃k} ∈ Π(x0) such that
limk→∞ u(x̃k) = ∞. Then since xk

1 ∈ Γ(x0),∀k, we have the following.

u(x̃k) = F (x0, x
k
1) + βu(x̃

′k) ≤ F (x0, x
k
1) + βv∗(xk

1),∀k

The right hand side will tend to infinity.
Lastly, consider the case of v∗(x) = −∞. Then we have that v∗(x0) ≥ u(x̃) = F (x0, x1) +

βu(x′) = −∞ for ∀x̃ ∈ Π(x0). Since F is real-valued, this means that u(x′) = −∞, for ∀x1 ∈
Γ(x0),∀x′ ∈ Π(x1). Hence, v∗(x1) = −∞,∀x1 ∈ Γ(x0). This yields F (x0, y) + v∗(y) = −∞,∀y ∈
Γ(x0). ■

Theorem 4.3 yields a partial converse to Theorem 4.2 in that a solution to (FE) that also satisfies
a boundedness condition is a solution to (SP).

Theorem 4.3. Let X , Γ, F , and β satisfy Assumptions 1 and 2. If v is a solution to (FE) and satisfies
limn→∞ βnv(xn) = 0,∀(x0, x1, · · · ) ∈ Π(x0),∀x0 ∈ X , then v = v∗.

Proof. First consider the case v(x0) is finite. Then by construction, for ∀x̃ ∈ Π(x0),

v(x0) ≥ F (x0, x1) + βv(x1)

≥ F (x0, x1) + βF (x1, x2) + β2v(x2)

· · · ≥
n∑

t=0

βtF (xt, xt+1) + βn+1v(xn+1) → u(x̃)
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Also, fix ϵ > 0 and choose {δt}∞t=1 ∈ R+ such that
∑∞

t=1 β
t−1δt ≤ ϵ/2. Then we can choose x1 ∈

Γ(x0), x2 ∈ Γ(x1), · · · such that

v(xt) ≤ F (xt, xt+1) + βv(xt+1) + δt+1,∀t ≥ 0

⇒ v(x0) ≤
n∑

t=0

βtF (xt, xt+1) + βn+1v(xn+1) +

n∑
t=0

βtδt+1

≤ u(x̃) + ϵ/2

Hence, we have that v solves (SP) as well when it is finite. Also note that the boundedness condition
rules out the case of v being −∞. Lastly, consider the case when v(x0) = ∞. Choose n ≥ 0 and
pick a plan (x0, x1, · · · , xn) such that xt ∈ Γ(xt−1), v(xt) = ∞ for t = 0, 1, · · · , n and v(xn+1) < ∞
for ∀xn+1 ∈ Γ(xn). Note that by boundedness condition, n < ∞. Now fix A > 0 and choose
xA
n+1 ∈ Γ(xn) such that

F (xn, x
A
n+1) + βv(xA

n+1) ≥ β−n

[
A+ 1−

n−1∑
t=0

βtF (xt, xt+1)

]

Now choose a plan x̃A
n+1 starting from xA

n+1 such that v(xA
n+1) ≤ u(x̃A

n+1) + β−(n+1). Then we have
for x̃A = (x0, x1, · · · , xn, x̃

A
n+1) ∈ Π(x0),

u(x̃A) =

n−1∑
t=0

βtF (xt, xt+1) + βnF (xn, x
A
n+1) + βn+1u(x̃A

n+1)

=

n−1∑
t=0

βtF (xt, xt+1) + βnF (xn, x
A
n+1) + βn+1v(xA

n+1) + βn+1u(x̃A
n+1)− βn+1v(xA

n+1)

≥ A

A > 0 was an arbitrary number, so v∗(x0) = ∞ = v(x0). ■

Now we have that the solutions to (SP) and (FE) are equivalent, we proceed to show that the
optimal plans in (SP) and (FE) are equivalent for v∗ = v. Theorem 4.4 shows that a solution to (SP)
is a solution to (FE).

Theorem 4.4. Let X , Γ, F , and β satisfy Assumptions 1 and 2. Let x̃∗ ∈ Π(x0) be a feasible plan that
attains the supremum in (SP) for an initial state x0. Then v∗(xt) = F (x∗

t , x
∗
t+1) + βv∗(x∗

t+1) holds.

Proof. Since x∗ attains the supremum in (SP), we have

v∗(x∗
0) = u(x∗) = F (x0, x

∗
1) + βu(x̃∗

1)

≥ F (x0, x
∗
1) + βu(x̃

′

1),∀x̃
′

1 = (x∗
1, x2, x3, · · · ) ∈ Π(x∗

1)

Note that x̃∗
1 = (x∗

1, x
∗
2, · · · ). The inequality holds because (x0, x

∗
1, x2, x3, · · · ) ∈ Π(x0), and we have

u(x̃∗
1) ≥ u(x̃

′

1),∀x̃
′

1 and hence, u(x̃∗
1) = v∗(x∗

1). This yields the (FE) condition to hold when t = 0.
Apply mathematical induction on this and we can generalize the result to ∀t. ■

Finally, Theorem 4.5 offers a partial converse to Theorem 4.4 that a solution of (FE) that satisfies
a boundedness condition solves (SP).
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Theorem 4.5. Let X , Γ, F , and β satisfy Assumptions 1 and 2. Let x̃∗ ∈ Π(x0) be a feasible plan
from x0 satisfying v∗(xt) = F (x∗

t , x
∗
t+1) + βv∗(x∗

t+1) and lim supt→∞ βtv∗(x∗
t ) ≤ 0. Then x∗ attains

the supremum in (SP) for initial state x0.

Proof. Suppose that x̃∗ ∈ Π(x0) satisfies the two conditions. Then by induction on v∗(xt) =

F (x∗
t , x

∗
t+1) + βv∗(x∗

t+1), we have that

v∗(x0) =

n∑
t=0

βtF (x∗
t , x

∗
t+1) + βn+1v∗(x∗

t+1),∀n ≥ 1

Taking the limits, we find that v∗(x0) ≤ u(x̃∗). Since x̃∗ ∈ Π(x0), v∗(x0) ≥ u(x̃∗) by construction of
v∗. Hence, x∗ attains the supremum in (SP). ■
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